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Abstract 

The long-time asymptotics is analyzed for all finite energy solutions to a model U(l)-invariant nonlinear Klein- 
Gordon equation in one dimension, with the nonlinearity concentrated at a single point: each finite energy solution 
converges as f ^ ±0° to the set of all "nonlinear eigenfunctions" of the form \ir{x)e^""' . The global attraction is caused 
by the nonlinear energy transfer from lower harmonics to the continuous spectrum and subsequent dispersive radiation. 

We justify this mechanism by the following novel strategy based on inflation of spectrum by the nonlinearity. We show 
that any omega-limit trajectory has the time-spectrum in the spectral gap [— m, m] and satisfies the original equation. This 
equation implies the key spectral inclusion for spectrum of the nonlinear term. Then the application of the Titchmarsh 
Convolution Theorem reduces the spectrum of each omega-limit trajectory to a single harmonic CO e [— m.ra]. 

The research is inspired by Bohr's postulate on quantum transitions and Schrodinger's identification of the quantum 
stationary states to the nonlinear eigenfunctions of the coupled U(l)-invariant Maxwell-Schrodinger and Maxwell-Dirac 
equations. 

1 Introduction 

The long time asymptotics for nonlinear wave equations have been the subject of intensive research, starting with the 
pioneering papers by Segal | |Seg63a| |Seg63b| , Strauss |Str68j, and Morawetz and Strauss |MS72|, where the nonlinear 
scattering and the local attraction to zero were considered. The asymptotic stability of solitary waves has been studied 
since the 1990s by Soffer and Weinstein ISW90llSW92l . Buslaev and Perelman IBP93llBP95l . and then by others. The 
existing results suggest that the set of orbitally stable solitary waves typically forms a local attractor, that is, attracts finite 
energy solutions that were initially close to it. 

In this paper, we consider the global attractor for all finite energy solutions. For the first time, we prove that in 
a particular U(l)-invariant dispersive Hamiltonian system the global attractor is finite-dimensional and is formed by 
solitary waves. The investigation is inspired by Bohr's quantum transitions ("quantum jumps"). Namely, according to 
Bohr's postulates IBohl3l . an unperturbed electron lives forever in a quantum stationary state \E) that has a definite value 
E of the energy. Under an external perturbation, the electron can jump from one state to another: 

(1.1) 

The postulate suggests the dynamical interpretation of the transitions as long-time attraction 

;P(0^|£±), f^±- (1.2) 
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Figure 1; Attraction of any trajectory ^(f ) to the set of solitary waves as f ^ ±00. 

for any trajectory l'(f) of the corresponding dynamical system, where the limiting states \E±) generally depend on the 
trajectory. Then the quantum stationary states should be viewed as the points of the global attractor .y which is the set 
of all limiting states (see Figure [Q. Following de Broglie's ideas, Schrodinger identified the stationary states \E) as the 
solutions of the wave equation that have the form 

VA(x,f) = 0«We-'™, co = E/n, (1.3) 

where h is Planck's constant. Then the attraction (II. 2> takes the form of the long-time asymptotics 

V/(x,f)~r±(^,f)-feWe"""^', f^±- (1.4) 

that hold for each finite energy solution. However, because of the superposition principle, the asymptotics of type (II .4t 
are generally impossible for the linear autonomous Schrodinger equation of type 

iidr-V{x)Mx,t) = (-/V-A(x))V(x,f), (1.5) 

where V{x) and A{x) are scalar and vector potentials of a static external Maxwell field. An adequate description of 
this process requires to consider the Schrodinger (or Dirac) equation coupled to the Maxwell system which governs the 
time evolution of the Maxwell 4-potential A(x,f ) = {V{x,t),A{x,t)). This coupling is inevitable indeed, because, again 
by Bohr's postulates, the transitions dl.H are followed by electromagnetic radiation responsible for the atomic spectra. 
The coupled Maxwell-Schrodinger system was initially introduced in IISch26l . It is a U(l)-invariant nonlinear Hamilto- 
nian system. Its global well-posedness was considered in IIGNS95I . One might expect the following generalization of 
asymptotics for solutions to the coupled Maxwell-Schrodinger (or Maxwell-Dirac) equations: 

(V/(x,0,A(x,f))~(fc±We"""^',A<„J.x)), t^±oo. (1.6) 

The asymptotics of this form are not available yet in the context of coupled systems. Let us mention that the existence of 
the solitary waves for the coupled Maxwell-Dirac equations was established in IIEGS96I . 
The asymptotics il.6\ would mean that the set of all solitary waves 

{(0(B(x),A(B(x)):toeC} 

forms a global attractor for the coupled system. Similar convergence to a global attractor is well known for dissipative 
systems, like Navier-Stokes equations (see IB V92. .Hen8 1 1 lT^m97l ) . In this context, the global attractor is formed by the 
static stationary states, and the corresponding asymptotics (II. 4> only hold for t +°o (and with 0+ = 0). 
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Our main impetus for writing this paper was the natural question whether dispersive Hamiltonian systems could, in 
the same spirit, possess finite dimensional global attractors, and whether such attractors are formed by the solitary waves. 
We prove such a global attraction for a model nonlinear Klein-Gordon equation 

\l/{x,t) ^\ir"{x,t)-m'^\l/{x,t) + 8{x)F{\i/{0,t)), x e R. (1.7) 

Here m > 0, y/{x,t) is a continuous complex-valued wave function, and F is a nonlinearity. The dots stand for the 
derivatives in f , and the primes for the derivatives in x. All derivatives and the equation are understood in the sense of 
distributions. Equation ilJ\ describes the linear Klein-Gordon equation coupled to the nonlinear oscillator. We assume 
that equation il.7\ is U(l)-invariant; that is. 

Note that the group U( 1 ) is also the (global) gauge group of the coupled Maxwell-Schrodinger and Maxwell-Dirac equa- 
tions, with the representation given by 

(V/W,A(x))K^(e'VW,A(x)). 

This gauge symmetry leads to the charge conservation and to the existence of the solitary wave solutions of the form il.6\ 
(see IEGS96I ). We clarify the special role of the "nonlinear eigenfunctions", or solitary waves, of equation il.ll which 
are finite energy solutions of type (II. 3> : 

Wcoix,t) = Mx)e-'''' , coeC. (1.8) 

We prove that indeed they form the global attractor for all finite energy solutions to (II. 7t . 

Equation il.7\ has the following key features of the coupled Maxwell-Schrodinger and Maxwell-Dirac equations: 
(0 The linear part of this equation has a dispersive character; (//;) It is a nonlinear Hamiltonian system; (///) It is U(l)- 
invariant. We suggest that just these features are responsible for the global attraction, such as ilAi . ilM . to "quantum 
stationary states". 

Let us introduce the set of all solitary waves. 

Definition 1.1. Let be the set of all functions ^^(x) e //' (R) with « G C, so that 0ra(jc)e"""' is a solution to ilJ\ . 

Here //'(M) denotes the Sobolev space. Generically, the quotient ^/U(l) is isomorphic to a finite union of one- 
dimensional intervals. We will give an explicit construction of the set of all solitary waves for equation dl.Tk See Propo- 
sition 12.81 and its proof in Appendix IaI Let us mention that there are numerous results on the existence of solitary wave 
solutions of the form (p{x)e^"^' to nonlinear Hamiltonian systems with U(l) symmetry IStr77l lBL83al IBL83b ■BL84I 
ICV86|IES95I . Typically, such solutions exist for (O from an interval or a collection of intervals of the real line. 

Our main result is the following long-time asymptotics: In the case when the nonlinearity F is polynomial of order 
strictly greater than 1, we prove the attraction of any finite energy solution to the set of all solitary waves: 

V/(-,f)-^^, f^±-, (1.9) 

where the convergence holds in local energy seminorms. In the linear case, when F{\j/) — ay/ with a e R, there is 
generally no attraction to S^; instead, we show that the global attractor is the linear span of all solitary waves, {S^) . See 
Theorem l2.11l 

Remark 1 .2. Although we proved the attraction il.9i to y, we have not proved the attraction to a particular solitary wave, 
falling short of proving ( ll.4l i. Hypothetically, a solution can be drifting along y, keeping asymptotically close to it, but 
never approaching a particular solitary wave. 

Remark 1 .3. The requirement that the nonlinearity F is polynomial allows us to apply the Titchmarsh convolution theorem 
that is vital to the proof. We do not know whether this requirement could be dropped. 

Let us mention related earlier results: 
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(0 The asymptotics of type ( fTH i were discovered first with \)f±=Qm the scattering theory PStr68"MS72"S tr78IIGS79l 
IKla82l [G V85i iHor9 1 1 . In this case, the attractor ^ consists of the zero solution only, and the asymptotics mean 
well-known local energy decay. 

(ii) The global attraction of type (II .4> with v/± 7^ and (0± = was estabUshed in IKom9 1 1 IKoni95l IKV96I IKSK971 
IKom99l IKSOOI for a number of nonlinear wave problems. There the attractor is the set of all static stationary 
states. Let us mention that this set could be infinite and contain continuous components. 

(;//) First results on the asymptotics of type ilA\ . with a)± 7^ were obtained for nonlinear U(l)-invariant Schrodinger 
equations in the context of asymptotic stability. This establishes asymptotics of type (^4} but only for solutions 
close to the solitary waves, proving the existence of a local attractor. This was first done in ISW90I IBP93I ISW92I 
lBP95l . and then developed in IPW97I IS W99l ICucO 1 al ICucO Ibl lBS03l [Cuc03l and other papers. 

The global attraction il.9\ to the solitary waves with o 7^ was announced for the first time in IKom03l for equation 
il.H . In the present paper we give the detailed proofs, and also add the well-posedness result which is not trivial since the 
Dirac delta- function 5(x) does not belong to L"(R). 

Let us mention that the attraction il.4i for equation il.ll with m = was proved in IKom9 1 1 |Kom95l : In that case 
(0± = 0. Our proofs for m > are quite different from | Kom91 Kom95|, and are based on a nonlinear spectral analysis of 
omega-limit trajectories for t +°o (and similarly for t —00). First, we prove that their time-spectrum is contained in 
a finite interval [— m,m], since the spectral density is absolutely continuous for \co\ > m and the corresponding component 
of the solution disperses completely. Second, the nonlinear equation il.7\ implies the crucial spectral inclusion: The 
nonlinearity does not inflate the spectrum of any omega-limit trajectory. Finally, the Titchmarsh convolution theorem 
allows us to reduce the spectrum of the omega-limit trajectory to a single harmonic 0+ G [—m,m]. This implies the 
attraction ( II. 9> . 

Remark 1 .4. The global attraction il.4\ . ( I1.6t for U ( 1 ) -invariant equations suggests the corresponding extension to general 
G-invariant equations (G being the Lie group): 

xi/ix,t)^xi/±{x,t)=e^^'^±{x), t^±oo, (1.10) 

where Cl± belong to the corresponding Lie algebra and e^^' are corresponding one-parameter subgroups. Respectively, 
the global attractor would consist of the solitary waves dl.lOt . In particular, for the unitary group G = SU(3), the asymp- 
totics dl.lOl i relate the "quantum stationary states" to the structure of the corresponding Lie algebra su(3). On a seemingly 
related note, let us mention that according to Gell-Mann - Ne'eman theory IGMN64I there is a correspondence between 
the Lie algebras and the classification of the elementary particles which are the "quantum stationary states". The corre- 
spondence has been confirmed experimentally by the discovery of the omega-minus Hyperon. 

The plan of the paper is as follows. In Section|2]we state the main assumptions and results. Section|3]describes the 
exclusion of dispersive components from the solution. In Section |5] we state the spectral properties of all omega-limit 
trajectories and apply the Titchmarsh Convolution Theorem. For completeness, we also give the exhaustive treatment of 
the linear case, when = ay/ with a € R; See Section|6l In AppendixlAl we collect the properties of the solitary waves. 
In AppendixiBl we describe properties of quasimeasures and corresponding multiplicators. The global weU-posedness of 
equation (II. 7> in (R) is proved in Appendixicl 



2 Main results 
Model 

We consider the Cauchy problem for the Klein-Gordon equation with the nonlinearity concentrated at a point: 

V/(x,f) = r"(x,0-'«V(^,0 + 5WF(v/'(0,f)), xeR, feR, 
vLo = Voix), v^|,^„ = 7ro(x). 

If we identify a complex number iff = u + iv e C with the two-dimensional vector (m, v) e R^, then, physically, equation 
( 12. 1> describes small crosswise oscillations of the infinite string in three-dimensional space {x,u,\') stretched along the 
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X-axis. The string is subject to the action of an "elastic force" — m^i//(x,f) and coupled to a nonlinear oscillator of force 
F{y/) attached at the point x = 0. 



We define 'P(f) 



*(0 = 



and write the Cauchy problem i2.1\ in the vector form; 



I 1 






F{xif) 



'PI 



(2.2) 



We will assume that the oscillator force F admits a real-valued potential: 



(2.3) 

where the gradient is taken with respect to Re and Im Then equation (12. 2> formally can be written as a Hamiltonian 

system, 

'0 1 " 



^'{t)^JDJ^(W), J = 
where DJ^/f is the variational derivative of the Hamilton functional 



-1 



1 



(|;r|2 + |v/f + m2|v/|2)flfx + f/(v/(0)), ^' 



\j/{x) 
n{x) 



(2.4) 



We assume that the potential U{\j/) is U(l)-invariant, where U(l) stands for the unitary group e'^, 9 e Rmod27r: Namely, 
we assume that there exists u e (M) such that 

C/(V/) = m(|V/|2), reC. (2.5) 

Remark 2.1. In the context of the model of the infinite string in M? that we described after (12. 1> . the potential U{\l/) is 
rotation invariant with respect to the x-axis. 
Conditions ( 12. 3> and ( 12. 5> imply that 

F{yf) = a{\xi/\-)v, V^C, (2.6) 
where a(-) — — 2m'(-) e C'(M) is real-valued. Therefore, 

F{e'\)=e''^F{\j/), £ M, \j/eC. (2.7) 
Then the Nother theorem formally implies that the functional 



(V/TT— 7t\j/) dx, 



7t{x) 



(2.8) 



is conserved for solutions ^(f ) to i2.2\ . 

We introduce the phase space S" of finite energy states for equation i2.2\ . Denote by the complex Hilbert space 
L^{R) with the norm || • ||^2, and denote by || • ||^2 the norm in L^{-R,R) for R>0. 



Definition 2.2. (;) S" is the Hilbert space of the states ^ = 

2 , 



7r(x) 



, with the norm 



mi---' 



{if) (Sp is the space # endowed with the Frechet topology defined by the seminorms 



S,R 



■.= \\%\\l2+W\\l2+mHw\\l2, 

^R 



R>0. 



(2.9) 



(2.10) 



The equation ( 12. 2> is formally a Hamiltonian system with the phase space and the Hamilton functional J^f. Both 
and ^ are continuous functionals on S". Let us note that S ®L^, where denotes the Sobolev space 

= {v/(x)eL2( 



W'{x)eL\M.)}. 



We introduced into (IZ9i . \2.1Q\ the factor > 0; This provides the convenient relation = jH'PllI + U (i/(0)). 

The space is metrizable (but not complete). 
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Global well-posedness 

To have a priori estimates available for the proof of the global well-posedness, we assume that 

U{\ir)>A-B\\i/\^ forv/eC, where A e E and < B < m. (2.11) 
Theorem 2.3. LetF(\^) satisfy conditions \2.3l and \2.5\ : 

F(v/)--V{/(v/), c/(v/)-M(|r|'), «(-)eC2(M). 
Additionally, assume that \2.11\ holds. Then: 

(i) For every I'o € S' the Cauchy problem \2.2\ has a unique solution ^(f ) £ C(R, S). 

(ii) The map W{t) ; M^o ^ ^(0 continuous in <§ and Sf for each f e R. 
{Hi) The energy is conserved: 

=^CP(f)) = const, t e K. (2.12) 

(iV) The following a priori bound holds: 

ll^Wk^^CC^o), reK. (2.13) 

We prove this theorem in Appendix Icl 
Remark 2.4. The value of the charge is also conserved: £2{^{t)) ~ const, f e R. 

Solitary waves and the main theorem 

Definition 2.5. (;) The solitary waves of equation \2.2\ are solutions of the form 

(R). (2.14) 

(//) The solitary manifold is the set S = {<!>(«: (B £ C} of all amplitudes Oa,. 

Identity M.ll implies that the set S is invariant under multiplication by e'^, G R. Let us note that since F{Q) = by 
\2.b\ . for any o e C there is a zero solitary wave with {x) = 0. 

Note that, according to \2.6\ . a(|Cp) := F{C)/C G R for any C £ C\0. We will need to distinguish the cases when F 
is linear and nonlinear; for this, we introduce the following definition. 

Definition 2.6. The function F{\i/) is strictly nonlinear if the equation Oc(C^) — a has a discrete (or empty) set of positive 
roots C for each particular a e R. 

Lemma 2.7. IfF{\l/) is strictly nonlinear in the sense of Deftnition \2.6\ then nonzero solitary waves exist only for O G M. 

We prove this Lemma in AppendixlAl 

Proposition 2.8 (Existence of solitary waves). Assume thatF{\^) satisfies \2.7l and that one of two followins conditions 
holds: 

(/) F{'^f) is strictly nonlinear in the sense of Definition \2.6\ 
(ii) F{\(f) = a\j/ with a e R. 
Then all nonzero solitary wave solutions to i2.2\ are given by J2.14t with 

(?)fi,W=Ce-'^W, (2.15) 
where K > 0, 0) € <C, and C G C\0 satisfy the following relations: 

a{\C\^)=2K, K^ = m^-o?. (2.16) 
Additionally, ifF{\j/) is strictly nonlinear, then CO G {—m,m). 



^(f) = where » G C, = 



-i(0(j>m 
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We prove this Proposition in AppendixIXI 

Remark 2.9. Let us denote Kc = 0£(|Cp)/2 and (0^ = ± y^m^ — for C £ C. Then the relation J2.16t demonstrates that 
the set of all solitary waves can be parametrized as follows: 

(0 When F{\if) is strictly nonlinear, in the sense of Definition l2.6l the profile function (j)c{x) = Ce'^e^'^l''', with C > 
and 9 e [0,27r], corresponds to the solitary waves with (O = (0^ as long as fct G (0,'m] (so that G and (0 is 
real in agreement with Lemma IZTb . 

(ii) When F{\if) = a\ir with a e M, we see from ( I2.16> that Kc ~ a/2 is constant. If a > 0, the profile function (j)c{x) = 
Cg-akl/z^ with C e C, corresponds to the solitary waves with ft) = ±\Jrrfl~^. The restriction Kc G (0,ot] no 
longer applies since the value of o) may be imaginary. (This is different from the case of strictly nonlinear F, when 
imaginary values of o are prohibited by Lemma IZTl ) If a < 0, then there is only the zero solitary wave solution. 

As we mentioned before, we need to assume that the nonlinearity is polynomial. This assumption is crucial in our 
argument; It will allow to apply the Titchmarsh convolution theorem. Now all our assumptions on F can be summarized 
as follows. 

Assumption A. 

N 

F(v/) = -Vf/(v/), U{w)=Y^iinW?\ (2.17) 

n=0 

where u„ e K, un>0, N>2. 

This Assumption guarantees that the nonlinearity F satisfies (12. 3> and i2.5\ . and also the bound ( I2.11> from Theo- 
rem]^] Moreover, AssumptionElimplies that F is strictly nonlinear in the sense of Definition 12. 61 By Lemma IzTl this 
in turn implies that all nonzero solitary waves correspond to o G R. 

Our main result is the following theorem. 

Theorem 2.10 (Main Theorem). Let the nonlinearity F{\^) satisfy Assumption^ Then for any G S the solution 
l'(f) G C(M,(?) to the Cauchy problem \2.2\ with l'(O) = I'd converges to S in the space S'p: 

>I'(f)^S, f^zboo. (2.18) 
Let us note that the convergence to the set S in the space is equivalent to 

^lim^p('P(f),S)=0, (2.19) 

where p is a metric in the space S'p and p(*I'(f),S) := inf p{^{t),(^). 

Let us also give the corresponding result for the linear case, when — ay/ with a e M. We restrict our consideration 
to the case when a < 2m. It is in this case that condition (I2.11> is satisfied. We do not consider the case a > 2m, since in 
this case the solutions are generally not bounded in (f-norm (see Remark lOt . while our arguments rely significantly on 
the bounds (I2.13> . This case will be considered in more detail elsewhere. 

Theorem 2.11 (Linear case). Assume that F{\l/) = alj/, where a < 2m. Then for any ^oeS" the solution ^{t) £ C(R, (f) 
to the Cauchy problem i2.2\ with ^(0) — I'o converges in the space S'p to the linear span ofS, which we denote by (S)." 

^(f)^(S), f-^±oo. (2.20) 

Remark 2.12. In Section|6lwe will show that: 

(0 If < fl < 2m, then (S) ^ S. Particular solutions show that the attraction ( 12.181 1 does not hold in general (see 
Remark l63t and has to be substituted by ( I2.20t . 

(ii) lffl<0, (S) = S = {0}. 
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Strategy of the proof 

For m = the global attraction of type (I2.18> is proved in |Kom951, where the proof was based on the direct calculation of 
the energy radiation for the wave equation. For the Klein-Gordon equation with m > 0, the dispersive relation (O^ = k^+ 
results in the group velocities v = (o'{k) ~ k/y/k^ + m^, so every velocity < |v'| < 1 is possible. This complicates 
considerably the investigation of the energy propagation, so the approach IKom95l built on the fact that the group velocity 
was |v| = 1 no longer works. To overcome this difficulty, we introduce a new approach based on the nonlinear spectral 
analysis of the solution. 

We prove the absolute continuity of the spectrum of the solution for \ (o\ > m. This observation is similar to the well- 
known Kato Theorem. The proof is not obvious and relies on the complex Fourier-Laplace transform and the Wiener-Paley 
arguments. 

We then split the solution into two components: Dispersive and bound, with the frequencies |a)| > m and (O £ [— m,m], 
respectively. The dispersive component is an oscillatory integral of plane waves, while the bound component is a super- 
position of exponentially decaying functions. The stationary phase argument leads to a local decay of the dispersive 
component, due to the absolute continuity of its spectrum. This reduces the long-time behavior of the solution to the 
behavior of the bound component. 

Next, we establish the spectral representation for the bound component. For this, we need to know an optimal reg- 
ularity of the corresponding spectral measure; We have found out that the spectral measure belongs to the space of 
quasimeasures which are Fourier transforms of bounded continuous functions, iGau66l . The spectral representation im- 
plies compactness in the space of quasimeasures, which in turn leads to the existence of omega-limit trajectories for 
t — > °°. 

Further, we prove that an omega-limit trajectory itself satisfies the nonlinear equation and this implies the crucial 
spectral inclusion: The spectrum of the nonhnear term is included in the spectrum of the omega-limit trajectory. We then 
reduce the spectrum of this limiting trajectory to a single harmonic 0)+ S [—m,m\ using the Titchmarsh convolution 
theorem ITit26l (see also IILev96l p. 1 19] and IIHor90l Theorem 4.3.3]). In turn, this means that any omega-limit trajectory 
Ues in the manifold S of the solitary waves, which proves that S is the global attractor. 

Empirically, the last part of our argument is a contemplation of the radiative mechanism based on the inflation of 
spectrum by the nonlinearity: A low-frequency perturbation of the stationary state does not radiate the energy until 
it generates (via a nonlinearity) "a spectral line" embedded in the continuous spectrum outside [— m,m]. This embedded 
spectral line gives rise to the wave packets which bring the energy to infinity. This radiative mechanism has been originally 
observed in the numerical experiments with the nonlinear relativistic Ginzburg-Landau equation (see IKMV04J ). The 
spectral inclusion for the omega-Umit trajectories expresses their nonradiative nature: The limiting trajectory cannot 
radiate since the initial energy was bounded. 



3 Separation of dispersive components 

It suffices to prove Theorem l2 . 1 Ol for t We will only consider the solution \l/{x,t) restricted to f > 0. In this section 

we eliminate two dispersive components from \ir{x,t). 



First dispersive component 



Let us split the solution = 



¥(■<:■') 
n(x.l) 



into ^(f ) = ^1 (f ) + ^2(0' where it) 



l/i(.v,f) 
1tt(xj) 



and 'Palo 



V2 (-»■.') 
lC2{x.t) 



are 



defined for f > as solutions to the following Cauchy problems: 



*i(0 



^2{t) = 





(7, — m 



'V2{t) + 5{x) 





m 



^2U = o, 



(3.1) 
(3.2) 
(3.3) 
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where "Po = ^° is the initial data from ( 12. 2> . and 

/(r):=F(v/(0,0), f>0. (3.4) 

Note that 1/(0, •) e Cb{W^) by the Sobolev embedding since ^' e (?) by Theoreml231(/v). Hence, /(•) e Ci,(il+). 

On the other hand, since (r) is a finite energy solution to the free Klein-Gordon equation, we also have 

^Pi eCi(I+,^). (3.5) 

Hence, the function ^'2{t) ^'^{t) ~^'i{t) also satisfies 

i'2ea(I+,^). (3.6) 

Lemma 3.1. There is a local decay o/^i in S'f seminorms. That is, V/? > 0, 

ll^i(OIU.«^0, t^^. (3.7) 

Proof. We have to prove that 

ll*i(Olll.i?- / [\n,{x,t)\^ + \^if[{x,t)\' + n?\^if,{x,t)\^yx (3.8) 

goes to zero as t tends to infinity. Fix a cutoff function C,[x) e Cq (M) with = 1, |x| < 1 and C,[x) = 0, |x| > 2. For 
r > 0, let ll,r{x) ~ tl,{x/r). Denote by 4>r(0 and 0,(f) the solutions to the free Klein-Gordon equation with the initial 
data ^r^o ™d (1 — C/-)^0; respectively, so that (?) = ^r{t) + 0r(O- Then there exists Cr > that depends on r so that 
||*r(f)ll|,« < C,-(l for f > 0, since the solution <t>r is represented by the integral with the Green function, which is 

the Bessel function decaying like (1 +f )^'''^ (see e.g. IIKom94l (2.7'), Chapter I]). We then have: 

W'i'ml.R < Cr{\ +t)-' +C\\@r{t)\\l^R (3.9) 

where r > could be arbitrary. To conclude that the left-hand side of ( 13. 9> goes to zero, it remains to note that 

\\®r{t)\\£.R<\\®r{t)\U = \\®rm\s (3.10) 

where the last relation is due to the energy conservation for the free Klein-Gordon equation, and that the right-hand side 
of ( I3.10> could be made arbitrarily small if r > is taken sufficiently large. □ □ 

Complex Fourier-Laplace transform 

Let us analyze the complex Fourier-Laplace transform of '^2{x^t): 

f2ix,co) = .^,tm[¥2{x, ■)]■■= r''""l^2{x,t)dt, coeC+, (3.11) 

Jo 

where C+ := {z e C : Imz > 0}. Due to i3.6\ . V/2(-, CO) is an //'-valued analytic function of © £ C+. Equation ( 13. 3> for 
1//2 implies that 

-0p-\fr2{x,(0) = \}f2{x,(o)-m^\(f2ix,Co) + d{x)f{(o), co E C+. 
Hence, the solution y/2ix, (o) is a linear combination of the fundamental solutions which satisfy 

G'{ {x,co) + (CO- - m^)G± (x, (o) = 5{x), CO e C+. 

g±ik[a))\x\ 

These solutions are given by G±{x, (o) — ^^.^^ — -, where k{(o) stands for the analytic function 



k{(0) = y/a^-m^, lmyt(ffl)>0, to € C+, (3.12) 
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which we extend to O) G C+ by continuity. We use the standard "limiting absorption principle" for the selection of the 
fundamental solution: Since iJ/2(-, ft)) e //' for co E C+, only G+ is appropriate, because for ft) e C+ the function G+(-, ft)) 
is in //' while G is not. Thus, 

Jk{a))\x\ 

xf,2{x,co) = -fico)G+ix,co) = -f{co)——, ft)€C+. (3.13) 

2ik{(0) 

Define z(ft)) := ^,'ta,[zit)],wiih z{t) r2(0,f)- Thenz(ft)) = ~f{(o)/{2ik{co)), and ( l3?T3t becomes 

V/2(jc,ftj) =f(ft))e'*^('"'W, ft)eC+. (3.14) 
Let us extend i//2(jc,f) and /(f) by zero for f < 0: 

V/2(j«:,f)=0 and f{t)^0 for f < 0. (3.15) 

Then 

V/2eC/,(R,i/>) (3.16) 

by i3.6\ since \//2 {x, 0+) = by initial conditions in ( 13. 3t . The Fourier transform ij/b (• , ft)) := ^t^m [Vi (■ , 0] ^ tempered 
i/' - valued distribution of ft) e R by (13. 6> . The distribution ij/b (• , ft)) is the boundary value of the analytic function 
in the following sense; 

V/2(-,ft^)= lim i/'2(-,ftJ + 'e), ftJ e M, (3.17) 

where the convergence is in the space of tempered distributions ^'(M^,//'). Indeed, ij/2(-, ft) + /e) = .^r^(u[v^2('if )^ 
and Hf2{-,t)e^^' — > V^izl'iO where the convergence holds in ^'(M;,//') by ( I3.15t . Therefore, ( I3.17t holds by the conti- 

nuity of the Fourier transform J^t^m in y'{M.). 

Similarly to ( I3.17> . the distributions £(ft)) and f{co), ft) £ M, are the boundary values of the analytic in C+ functions 
/(ft)) and f (ft)), ft) e C+, respectively: 

£(ft))== lim z(ft) + /e), /(«) = lim /(ft) + /e), ft) e M, (3.18) 

since the functions z(f ) and /(f) are bounded for f > and zeros for f < 0. The convergence holds in the space of tempered 
distributions y'(R). 

Let us justify that the representation ( I3.14> for \lf2(x, ft)) is also valid when ft) e M if the multiplication in (I3.14> is 
understood in the sense of quasimeasures (see AppendixiBt. 

Proposition 3.2. For any fixed x e R, the identity 

V/2(x,ft)) =£(ft))e'*('")W, ft)eM, (3.19) 

holds in the sense of tempered distributions. The right-hand side is defined as the product of quasimeasure £(ft)) by the 
multiplicator g'^t™)!^!. 

Proof. The representation ( I3.19> for ft) 7^ ±m follows from (I3.14> - ( I3.18t since g'^t"")!*! is a smooth function of ft) e C+ 
outside the points ±m. 

So, we only need to justify ( I3.14> in a neighborhood of each point ft) = ±m. The main problem is the low regularity 
of k{(o) = \/ (ip- — rrP- at the points ±m. Choose a cutoff function C(fi^) G C|^(I^) such that 

CI[-„,-...+.i^l- (3.20) 

Let us note that V'2(-^: ■) G Ci(R) for each particular ,y e M by ( I3.16> and the Sobolev embedding theorem. Therefore, 
for each jc e M, V'2(^, ■) belongs to the space =S^(R) of quasimeasures which are defined as functions with bounded 
continuous Fourier transform (see Definition lB.U . In particular, z( ) is a quasimeasure since it is the Fourier transform of 
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the function z(f) := 1/^2 (0,f). On the other hand, the function e''^*'^'!^! ^{co) is a multiplicator in (R) by Lemma lB.6l ('i") 
and Lemma lB75l (/) (see AppendixlEl. Let us now prove that 

V/2(x,«)C(a)) =£(a))e'*('*')WC(«), co e M (3.21) 

in the sense of quasimeasures. We define jUe(ci)) :=z(a) + /e) = ^,^a,[z{t)e^^'] for e > 0. Then fieico) G and 

fieico) — ^ := z{co) as e ^ 0+ since zit)e-" z{t) by dlBi (see DefinitionlOi. 

Let us denote Mr,£(a)) = e^lw+'s)!!^^! ^(o) for to € R and e > 0. By Lemmas Ib31 (//) and lB.6l (iA. Mx,eio)) are multi- 
plicators in the space of quasimeasures. This implies that 

z(co + /ey^-('"+'^'WC(a))^z(a))e'*('")WC(«) as e^0 + . (3.22) 
On the other hand, the left-hand side converges to the left-hand side of ( 13. 2H by ( I3.14> and ( 13. 17^ □ □ 

Absolutely continuous spectrum 

We study the regularity of the spectral density z{co) from ( I3.19t . Denote 

:= (-oc,-m-5)u(m + 5,oo), 5 > 0. (3.23) 

Note that Qq = {—°°, — w] U [m,°o) coincides with the continuous spectrum of the free Klein-Gordon equation, and the 
function cok{(o) is positive for co e Qq- 

Proposition 3.3. The distribution z{(0) is absolutely continuous for (0 G Qq, cind z & {^o)- Moreover, 

f \zico)\^(ok{co}da)<oo. (3.24) 
Jno 

Proof. Let us first explain the main idea of the proof. By ( I3.19> , the function \//2 {x,t) formally is a linear combination of 
the functions e'^l^l with the amplitudes £(a)): 

W2{x,t) = ^ f zi(0)e'''^'^^\'\e-''^'dC0, xeR. (3.25) 

For CO e Qq, the functions e'^('")l-''l are of infinite L^-norm, while V^2(',0 is of finite L^-norm. This is possible only if the 
amplitude is absolutely continuous in Qq: For example, if we took z{(o) = 8{(0 — Oo) with coo £ i2o, then \i/2{-,t) would 
be of infinite L^-norm. 

For a rigorous proof, we use the Paley- Wiener arguments. Namely, the Parseval identity and i3.6\ imply that 

j\\\if2{-,co + ie)\\l,dco = 27:Je-^"\\\l/2{-,t)\\lidt<^, e > 0. (3.26) 

M 

On the other hand, we can calculate the term in the left-hand side of ( I3.26t exactly. First, according to ( I3.14t . 

W2{-,(o + ie) = z{co + /£)e«('»+'^)l-'^l , 

hence ( I3.26t results in 

e / |z(« + /e)|2||e'*^('"+'^)W||2 ^/co<C, e>0. (3.27) 
Jr 

Here is a crucial observation about the norm of e'k{m+i£)\x\ 
Lemma 3.4. (0 For to e M, 

limell.'-^l^+'-^'We, ^ f^'^)' j^j^'" , (3.28) 

1 /2 

where the norm in is chosen to be \\y\\h' = (ll'/'ll^a +'"^11 Vll^i) 
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(ii) For any 5 > there exists £5 > such that for \(o\ > m + 5 and e £ (0, £5), 

g||g,l(<»+i£)|.v|||^^ >n(co)/2. 



(3.29) 



Proof. Let us compute the //'-norm using the Fourier space representation. Setting ke = k{(0 + /£), so that hnke > 0, we 
get ^,^4 [e'^^'^l-'i] = 2ike/{kl -k^)forke R. Hence, 



,''^El-''i||2 _ 
II//' ~ 



21^^12 f {k^ + m^)dk 



^kl + m^)ks 



-41m 



kl-h'- 



n-k^? 

The last integral is evaluated using the Cauchy theorem. Substituting the expression k\ — {(0 + ie)^ — ni^, we get: 

{(o + ie)^k{co + ie) 



(3.30) 



gik{co+i£)\x\ |j2 ^ 



iRe 

£ 



0) 



, £>0, CDGM, ©7^0. 



(3.31) 



The relation ( I3.28t follows since the function k{(o) is real for \ (o\ > m, but is purely imaginary for \(o\ < m. 

The second statement of the Lemma follows since n{(o) > for \(o\ > m, and n{(o) ^ |a)p for |(b| ^ 0°. □ □ 

Remark 3.5. Note that n{(o) in ( I3.28t is zero for |a)| < m, since in that case the function e''^('")l^l decays exponentially in 
X and the //'-norm of remains finite when £ ^ 0+. 

Substituting ( I3.29> into ( I3.27> . we get: 

\z{(o + ie)\^(ok{(o)d(o<2C, 0<e<es, (3.32) 

with the same C as in (I3.27> . and the region Qg defined in (I3.23> . We conclude that for each 5 > the set of functions 

^5,£(«) =^(« + ^■e)l«M«)l'''^ e e (0,£5), 

defined for (O £ £2§, is bounded in the Hilbert space L?{Qs), and, by the Banach Theorem, is weakly compact. The 
convergence of the distributions (I3.18> implies the following weak convergence in the Hilbert space L? {Qg ) : 

85,8-^88, e^0+, (3.33) 

where the limit function ^5(0) coincides with the distribution z{o))\(Ok{co)\^^'^ restricted onto Qg. It remains to note that 
the norms of all functions gg, 5 > 0, are bounded in L?{Qg) by ( I3.32t . hence (I3.24> follows. Finally, z{(o) £ L' (Qq) by 
J3.24t and the Cauchy-Schwarz inequality. 

Let us denote 



□ 



□ 



£(to), 
0, 



(0 e Qo, 
(0 e r\Qq. 



(3.34) 



Then, by ProDosition l3.3l Zd{co) £ L 



Second dispersive component 

Proposition l3.3l and the representation J3.25> suggest that we introduce the function 

27t Jr 

with Zd defined by j3.34t . The Fourier transform of ^j{x,t) is given by the formula similar to ( I3.19> : 

V/j(x,C(j) =t/(t(j)e'*^<'")W, x£M., coeM. 
We will show that \)fj{x,t) is a dispersive component of the solution \ir{x,t), in the following sense. 



(3.35) 



(3.36) 
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Proposition 3.6. !//;,/(•, f) is a bounded continuous -valued function: 

\l/di-,t)eCbiR,H^). 

The local energy decay holds for \jfi:i{-,t): for any R > 0, 

0, 



t — > 



Proof. Changing the variable, we rewrite ( I3.35> as follows: 



2k Jr (o(k) 



(3.37) 



(3.38) 



(3.39) 



where (i){k) = Vk^ + is the branch analytic for Im^ > and continuous for Im^ > 0. Note that the function (£){k), 
k G M\0, is the inverse function to k{(o) defined on C+ (see ( I3.12» and restricted onto Q.q = {—°°, —m) U (ot,oo). Let us 
introduce the functions 



2n Jr co(k) 



jcSM, f>0. 



(3.40) 



Both functions y/±{x,t) are solutions to the free Klein-Gordon equation on the whole real line. The (free Klein-Gordon) 
energy of each solution is finite, since 



v±(-,o) 
^±(■.0) 



{co^{k) + \k\^ + m^)\z{co{k))\^ 



(0^{k) 



dk 



2\zicoik))\^k''dk^2 / \z{co)\^cok{(a)dco<oo. 

In the last inequality, we used ( I3.24> . Hence, both and 1//+ are bounded continuous //'-valued functions; 

V/±GCi(M,//'), 

and for any /? > 



V±(v') 



<ff,R 



•0, 



t — > oo 



(3.41) 



(3.42) 



by the same arguments as in the proof of Lemma lTT] The function \ff^i{x,t) coincides with xj/^^x^t) for x>Q and with 
V/-(x,f) forx < 0: 

y/d{x,t) = y/±{x,t), ±x>0. 

Moreover, i/_(0— ,f) = \f/+{0+,t), so \j/ii{x,t) has no jump at x = and therefore \j/'^(x,t) is squai^e-integrable over the 
whole .iL-axis. Therefore, (I3.37li follows from (I3.41>. and (I3.38> follows from (I3.42>. □ □ 



4 Bound component 

Spectral representation 

We introduce the bound component of the solution ^f{x,t) by 

y/t,{x,t) = y/2{x,t)-\i/d{x,t) = \i/(x,t)-\i/i{x,t)-\i/d{x,t), xeR, te. 
Then (I3.16> and ProDosition l3.6l imDlv that 



By i4.2i . the function 



V/foeQ(R,//'). 
Zbit) := WbiO,t) = V^2(0,f) - Wd{0,t) 



(4.1) 
(4.2) 
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is bounded and continuous. Therefore, its Fourier transform zi, S is a quasimeasure: 

Zfc e ^^(M), supp Zh C [-m,m\, (4.3) 

where the last inclusion follows from Now j3.19L j3.36L and j4.H imply the multiplicative relation 

V/fo(x,©)=Zi(0)y^-('")W. (4.4) 

We denote 

k{co) :— —ik{co) — \/ nP- — 0)2, Reif(ct))>0 for lma)>0, (4.5) 

where k{(£i) was introduced in ( I3.12> . Let us note that Re K"(£t)) > and that K"(a)) > for o £ {—m,m). We rewrite (I4.4> 
as 

V/i(x,a)) =zfo(a))e- weM. (4.6) 

Therefore, J4.3> implies that ft)) for any fixed x G M is a quasimeasure with the support supp\//i(x, •) C [—m,m], and 
finally, 

ri.(^,0 = ;^(4(«)e-^WW,e-''"'), xeM, feM. (4.7) 

Compactness 

We are going to prove a compactness of the set of translations of the bound component, {v/i(x,s + f): s > 0}. We will 
derive the compactness from the following uniform estimates which we deduce from ( I4.3l l. by Lemma lB3] 

Proposition 4.1. (/) The function y/^(x,f) is smooth for x ^ and f G R, and the following representation holds for 
any fixed x 0, f G M, and any nonnegative integers j, k: 



^^■5,Vi,(x,0 - i^(z,(ft))(-^(ft))sgnx)^e-^('»)W, (-/ft))^e-'™). 



(4.8) 



(//) For any R> 0, there is a constant Cj±^R >Q so that 



sup sup\dld^\i>i,{x,t)\<CjXR- (4.9) 

Q<\x\<R tsVL 

Remark 4.2. Let us note that the bounds ( 14. 9> are independent of x and remain valid in the regions x > and x < 0, 
although the derivatives dxdl'\ifi,{x,t) with j ^0 may have a jump at x = 0. (This is the case for the solitary waves in 



Proof. (0 The representation J4.8> with j = and any A: follows directly from ( 14. 3t . ( 14. 7> . Further, consider, for example, 
= 1 and /t 0: 

d,^ifi,{x,t) = lim — { z,{(0) C{(0),e-'^' ) (4.10) 



if the limit exists. Here C(ft)) & Cq{R) is any cutoff function which satisfies ( 13.201 1. The relation ( I4.10> follows by 
Lemma IfiTsl fn). if we verify that the following convergence holds inL'(M,): 



-K{m)\x+£\ _^-K{m)\x\ 

CM 



-^^^lAdxe-''^'"^^-'^Ci(0)]. (4.11) 



e 

We rewrite the expression in the brackets in the left-hand side of ( 14.1 1> as 



C(«)-/ <3xe"''^"''l"+'"IC(«)'^P- (4.12) 



£ 

Now the convergence (14. lU follows from the Puiseux expansion of type dB.TI i for (9ve^'^'^'"'l*+'"^l i^(ft)) 
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(;;) For fixed nonnegative integers j and k, denote 

N,{co) = (-jf(a))sgnx)^e-'^('*')W(-/co)*^C(«)- 
Lemma lOl ('//;') implies that N:,{o}) = ^v(»), with K:,{-) e L' (M). Then ( 14. 8> becomes 

d_id,'x(rh{x,t) - -r^ / - T)K,iT)dT. (4.13) 

The bounds (l4!9t follow by LemmalR2land jOt since z^Cr) = WiJQj) € GJR) by (l4!2b. □ □ 

Corollary 4.3. By the Ascoli-Arzela Theorem, for any sequence sj — > oa there exists a subsequence Sji — > o° such that for 
any nonnegative integers j and k, 

did^\ifl,{x,Sj,+t)^did'^^{x,t), x^Q, reM, (4.14) 

for some j3 G Q,(R,//'). The convergence in (^^3 uniform in x and t as long as |x| + |f | < R, for any R > 0. 

We call omega-limit trajectory any function )3 (x,f ) that can appear as a limit in j4.14t . Preyious analysis demonstrates 
that the long-time asymptotics of the solution i/(x,f ) in S'f depends only on the bound component \j/i,{x,t). By Corollary 
14.31 to conclude the proof of Theorem 12. 101 it suffices to check that eyery omega-limit trajectory belongs to the set of 
solitary wayes; that is, 

o/.. .\ _ ^^^^ 

with some (0+ G [—m,m]. 



j3(;c,0 = fc+We-''"+', x.teR, (4.15) 



Spectral identity for omega-limit trajectories 

Here we study the time spectrum of the omega-limit trajectories. 

Definition 4.4. Let / be a tempered distribution. By Spec/ we denote the support of its Fourier transform: 

Spec/:=supp/. 

Proposition 4.5. (/) For any omega-limit trajectory ^{x^t), the following spectral representation holds: 

j3(x,f) = — (7(co)e-''('"'W,e"''"'>, e M, f G R, (4.16) 
2n 

where /G ^^(R), and 

suppfc [— OT,m]. (4.17) 

(»■) The following bound holds: 

™p||j3(-,f)ll//i (4.18) 

fGM 

Note that, according to j4.16L 7(0) is the Fourier transform of the function 7(f) := j3 (0,f), t G R. 
Proof. The representation (14. 7> implies that 

Wb{x,Sj + t) = ^{zb{(0)N,{(0)e-'""',e-"''), x^O, f G M, (4.19) 

where A^^ corresponds to j = k = Q. The conyergence ( I4.14> and the bounds (14. 9> with j = k = Q imply, by Definition lB.3l 
that 

Zb{sf+t)^Yit), sy^oo, (4.20) 
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where 7(f), f <E K, is some continuous bounded function. Hence, by Definition lB.4l 



Zb{(0)e-"''J' ^ 7(«), sj, ^ (4.21) 
Now Lemma l531 (n) and Lemma lB31 (///) imply that 

£i(to)Af,(a))e-''"^*' ^ 7(«)A^v(co), sj, ^ (4.22) 

Hence, the representation ( I4.16> follows from ( I4.19> , and (|^^) follows from ( 14. 3> . Finally, the bound ( I4.18> follows 
from and ( 1041 . □ □ 

The relation ( I4.16t implies the basic spectral identity: 

Corollary 4.6. For any omega-limit trajectory li(x,t), 

Spec Pix,-)^ Spec 7, x e M. (4.23) 

Remark 4.7. It is mainly for the proof of (I4.23> that we develop the theory of the quasimeasures and multiplicators 
in Appendix 151 This theory provides the compactness of the set of distributions {zb{co)e^"'"': i > 0} in the space of 
quasimeasures (see ( I4.21» and the spectral representation (I4.16> . 

5 Nonlinear spectral analysis 

Here we will derive (I4.15> from the following identity: 

Y{t) = Ce-'"'+' , teR, (5.1) 

which will be proved in three steps. 

Step 1 

The identity is equivalent to 7(0) ^ 5(a) — C0+), so we start with an investigation of Spec7 := suppy. 
Lemma 5.1. For omega-limit trajectories the following spectral inclusion holds: 

SpecF(7(-)) C Spec7. (5.2) 



Proof. The convergence ( I4.14> and equation il.H . together with Lemma 13.11 and Proposition 13.61 (;/), imply that the 
limiting trajectory ^{x^t) is a solution to equation \2.\\ (although i//^(x,f) is not!): 

i3(.x:,f)=j3"(x,r)-m2j3(x,f) + 5(x)F(j3(0,f)), {x,t)€R}. (5.3) 
Since j8 {x, f ) is smooth function for x < and x > 0, we get the following algebraic identity (cf. (IA.5» : 

= j3'(0+,f)-j3'(0-, + ^7(0), teR. (5.4) 
The identity implies the spectral inclusion 

SpecF(7(-)) cSpecj8'(0+,-)USpecj3'(0-,-). (5.5) 
On the other hand. Spec j8'(0+, •) U Spec j3'(0-, •) C Spec7by S423i . Therefore, (|53} implies (|52|l- □ □ 

Remark 5.2. The spectral inclusion iSAl follows from the algebraic identity (15. 4> . which in turn is a consequence of the 
fact that /3(x,?) solves ( 12. H . We cannot prove i5.5\ for the function y/bix^t) since generally it is not a solution to ( 12. 11 1. 
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Step 2 

Proposition 5.3. For any omega-limit trajectory, the following identity holds: 

|7(r)| = const, r e M. (5.6) 

Proof. We are going to show that ( 15. 6> follows from the key spectral relations ( I4.17K ( 15. 2^ Our main assumption (|^^} 
implies that the function F{t) := F{'Y{t)) admits the representation (cf. (12. 6» 

F{t)^a{t)Y{t), (5.7) 

where, according to ( I2.17t . 

N 

a(f) = -522nM«l7(0P""^ N>2; un>0. (5.8) 

n=l 



Both functions 7(f) and a{t) are bounded continuous functions in M by Proposition 14.51 (Hi). Hence, 7(f) and a{t) are 
tempered distributions. Furthermore, 7 and 7 have the supports contained in [—m,m] by ( I4.17l i. Hence, a also has a 
bounded support since it is a sum of convolutions of finitely many 7 and 7 by ( I5.8l l. Then the relation ( 15. 7> translates into 
a convolution in the Fourier space, F — a* y/{2n), and the spectral inclusion ( 15. 2t takes the following form; 

suppF = supp a * 7 c supp 7. (5 .9) 

Let us denote F ~ suppF, A = supp a, and T = supp 7. Then the spectral inclusion ( 15. 9> reads as 

Fcr. (5.10) 

On the other hand, it is well known that supp a * 7 c supp a + supp 7, or F C A + T. Moreover, the Titchmarsh convolution 
theorem states that the last inclusion is exact for the ends of the supports: 

Theorem 5.4 (The Titchmarsh Convolution Theorem). Let a, ybe two distributions in R with compact supports A 
and T respectively, and F = supp d * 7. Then 

infF = infA + infr, supF = supA + supF. (5.11) 

This theorem was proved first in ITit26l for a,y <^L} (M) (see also ILev96l p.l 19] and IHor90l Theorem 4.3.3]). The 
Titchmarsh Convolution Theorem, together with ( I5.10> . allows us to conclude that infA = sup A = 0, hence A C {0}. 
Indeed, ( I5.10> and ( I5.11> result in 

inf F = infA + infF > infF, supF = supA + supF < supF, (5.12) 

so that infA > > sup A. Thus, we conclude that suppd = A C {0}, therefore the distribution a{(£)) is a finite linear 
combination of d{(o) and its derivatives. Then a{t) is a polynomial in f; since a{t) is bounded by ProDosition l4. 51 (///). 
we conclude that a{t) is constant. Now the relation (15. 6> follows since a{t) is a polynomial in |7(f)|, and its degree is 
strictly positive by ( 15. 8> . □ □ 



Remark 5.5. The boundedness of the spectrum of both y{t) and a{t) is critical for our argument, since otherwise the 
Titchmarsh convolution theorem does not apply. It is to ensure that the spectrum of a{t) is also bounded that we had to 
assume the polynomial character of the nonlinearity in AssumptionlAl 



Step 3 

Now the same Titchmarsh arguments imply that F := Spec 7 is a point (£>+ S [—m^ m]. Indeed, i5.6\ means that y{t)y{t) = 
C, hence in the Fourier transform y*y—2nC8{(0). Therefore, if 7 is not identically zero, the Titchmarsh Theorem implies 
that 

= supF + sup(— F) = supF — infF. 

Hence infF = supF and therefore F = {fi)+} C [—m,m], so that 7(0) is a finite linear combination of 5{co — C0+) and its 
derivatives. As the matter of fact, the derivatives could not be present because of the boundedness of 7(f) — /3(0,f) that 
follows from Proposition l431 (///). Thus, 7^ 5 (ft) — 0+), which implies ( 15. U . 
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Conclusion of the proof of Theorem l2.10l 

The representation ( I4.16t implies that li{x,t) = Ce^'^+''^'e^"*'+' since 5{co — C0+). Therefore, the equation i5.3\ and 
the bound ( I4.18> imply that j3 {x,t) is a solitary wave. This completes the proof of Theorem l2.10l 

6 Linear case 

Let us now give a complete treatment of the linear case and prove Theorem l2.11l We assume that F{\i/) that enters (12. 1> 
is given hy F{\j/) — a\lf, where a e K, and a < 2m. Thus, the potential is given by Uiy/) = -a|v/|V2, and we consider 
the equation 

\(r{x,t) = \j/'{x,t) -}n^\j/{x,t) +a5{x)\j/(0,t), xeR, f e R. (6.1) 



All conclusions of Theorem 12.31 on global well-posedness hold for equation ( 16. U with a < 2m since in this case the 
condition (I2.11> is satisfied. Let us note that if a > 2m, then the conclusions (;), (//), and (Hi) of Theorem l2.3l are still 
valid (their proofs in Appendixicl applv for bounded times, and then the conclusions follow for all times by the Unearity 
of the equation). On the other hand, the a priori bound ( I2.13t is generally violated when fl/2 > m (see below). 

Remark 6.1. Let us summarize the properties of the solitary waves for the linear case that follow from Proposition l2.8l 
Note that, according to ( I2.16t . K = a/2. 

(/) For fl < there are no nonzero solitary waves since we need k" > for ( I2.15> to be from //' . 

(ii) When a > 0, a 7^ 2m, all solitary waves are given by (pmix) ~ Ce^"'^'/^, where C e C and ft) = ±C0a, where cOa '■= 
y^m^ — Note that if a > 2m, then the values ±ft)„ are purely imaginary and the corresponding solitary waves 
are exponentially growing. 

(Hi) If fl = 2m, then coq = and there is a nonzero static solitary wave solution (j)o{x) ~ e^"'l^l. Besides, there is secular 
(linearly growing) solution fe^"'l'^l. 

Remark 6.2. When a > 2m, the values of co are purely imaginary, and the ^f-norm of solitary waves that correspond to 
zblmftj > grows exponentially for t ±°°. When a = 2m, we have ft) = 0; The (f-norm of the secular solution grows 

linearly in time. In both cases (a > 2m), the a priori bound ( I2.13> fails. This illustrates that condition ( 12. IH is sharp, since 

fl 9 

this condition fails for the potential C/(v^) = — -li^l '^i^h a > 2m. 
Proof of TheoremlTTll 



Let us prove the global attraction to the set (S). We proceed as in the proof of Theorem l2 . 1 Ol until we get to equation ( 15. 3> . 
Since now F{\ir) ^ ay/, (15. 3> takes the following form: 

ii{x,t)=l5"{x,t)~m^l5{x,t)+a5{x)l5{Q,t), {x,t)eM.^. (6.2) 

Now we cannot use the Titchmarsh arguments, and we have to solve the equation directly to prove that 



e (S) for t e R. (6.3) 



In the Fourier transform j3 (x, ft)) = -^t^a [j3 [x,t)\ the equation (16. 2> becomes 

-ft)2i3(x,ft)) =j3"(x,ft))-m2)3(x,ft))+fl5(x))3(0,ft)), (jc,ft))GR^ (6.4) 
On the other hand, the representation ( I4.16> implies that 

j3(x,ft)) = 7(ft))e-'^WW (6.5) 

Substituting this into (16. 4> . we obtain 

2K{(o)y{(o)5{x) =a8{x)y{(o). (6.6) 
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Therefore, on the support of the distribution 7(fi)), the identity holds 

2K-(a)) = a, (6.7) 
hence suppyc := {co e [—m,m] : 2k{co) = a} by ( I4.17> . Now let us consider two cases. 

(/) In the case < a < 2m, according to Remark l6m (//). the set of finite energy solitary waves is given by 

:Ci,C2ecl. (6.8) 





e-"l-v|/2 








+ C2 



e-«|.v|/2 

On the other hand, the set r„ contains exactly two points ±0),, since < a < 2m. Hence, 7 is a linear combination 
of 5(fi)± a)„) and their derivatives. The derivatives are forbidden since 7(f) is bounded, so finally 

J3(jc,f) = {Cie"'"'+C2e-"^"')e-"\''\/^. (6.9) 

Now ib.3i follows from j6.9l l. 

(;/) In the case a < 0, the set of finite energy solitary waves consists of the zero solution only by Remark I01 (/). For 
fl < 0, the set r„ is empty, hence j3 (x, f ) = and (16. 3> follows. When a = 0, we have (Oa = m and = { —m} U {m}. 
Any omega-limit point j3 is given by (16. 9t with a~0. Since /3(-,f) G we conclude that Ci = C2 = in i6.9\ . so 
that /3(x,f) = and the inclusion (16. 3> follows. 

This finishes the proof of Theorem l2.11l 

Remark 6.3. For < a < 2m, a particular exact solution to ( 16. U . e.g. ( I6.9l l. with Ci 7^ and Cj 7^ 0, shows that in general 
there could be no attraction to S. 

A Appendix: Solitary waves 

Here we prove Lemma lzTl and Proposition l2.8l 
Proof of LemmaEjl 

Substituting 0(u(x)e^"*" into ( 12. 1> . we get the equation 

- C0'^<j)Ux)e-"" = ax)e-"'' - m^M^)e-"'' + 5 (x)F(e-""'(/)„(0)), (A.l) 

where (x,f) G M x R. We can assume that (j)a){0) 7^ 0. Indeed, if 0o)(O) = 0, then dA.H turns into a homogeneous second- 
order linear differential equation, which together with the inclusion G H^{M.) results in (j)(o{x) = 0. Equation dA.H 
leads to the identity g-'^A = /^(g-'™ 0^,(0)), with A = 0^(0-) - 0^(0+). This results in 



MO) e-''^'MO) e'ta«'(/)„(0) ' 

We used i2.7\ in the last equality. The condition that F{\ir) is strictly nonhnear (in the sense of Definition 12. 6> implies 
that ( IA.2t only holds at discrete values of f Imo; thus, Imo = 0, finishing the proof. 



Proof of Proposition 12.81 

The relation dA.H turns into the following eigenvalue problem: 

^(O^Mx)^Kix)~'n^Mx) + S{x)F{M^)), xSR. (A.3) 
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The phase factor e can be canceled out because either F{\)f) = ayf ot, when F is strictly nonlinear, we can use ( 12. 7> 
(since in this case o G M by Lemma lzTl . Equation iA.3\ implies that away from the origin we have 



hence (pmix) = Cie^"^*'^' for ±x > 0, where K± satisfy K"^ = — CO^. Since <j)o}{x) G //^ it is imperative that K± > 0; we 
conclude that \ co\ <m and that K± ~ V — afi > 0. Moreover, since the function (p(o{x) is continuous, C_ = C+ = C 7^ 
(since we are looking for nonzero solitary waves). We see that 



0(b(jc) =Ce"''W, C^O, K = Vm^ - 0)2 > 0. (A.4) 
Equation iA.3\ implies the following gluing condition at x = 0: 

O = ^UO+)-0UO-)+F(MO)). (A.5) 
This condition and iAA\ lead to the equation 2 ifC — F{C) which is equivalent to (I2.16> for C 7^ 0. 



B Appendix: Quasimeasures and multiplicators 

Quasimeasures 

Let us denote by g the inverse Fourier transform of a tempered distribution g: 

Definition B.l. A tempered distribution ju(to) is a quasimeasure if /i G C/,(K). 

For example, any function from L' (R) is a quasimeasure, and so is any finite Borel measure on R. 
Lemma B.2. Let n{(0) be a quasimeasure and (p{(o) be a test function from the Schwartz space J5^(M). Then 

\{pL{(o)Moi))\<C\m)\\L^(my (B-1) 
The lemma is a trivial consequence of the Parseval identity: 

\{ii[(o)M(o))\=2%\{mM))\<^A\m\\L-m\\m\\L^(Ky (b.2) 

Definition B.3. C;, ^ (M) is the vector space of bounded functions /(f) G Cfe(M) endowed with the following convergence: 
/£ (0 /(O' £ ^ 0+ if and only if 

(0 Vr>0, 11/^(0 -/(f)||c[-r,r]^0,e^O+; 

(//) sup ||/£(f)||ci,(R) <°°- 
£G(0,1] 

This type of convergence coincides with the convergence stated in the Ascoli-Arzela theorem. Next we introduce the 
dual class of the 'Ascoli-Arzela quasimeasures". 

Definition B.4. =S./#(M) is the linear space of all quasimeasures /i(fi)) endowed with the following convergence: 

^Uffo)) ii((o) if and only if jlM) ^ jxit). 

£^0+ 6^0+ 
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Multiplicators 

Now let us give a simple characterization of multiplicators in =S./#(M). Let us consider a continuous function M(a)) € 
C(R). We also denote by M the corresponding operator of multiplication: 

M : ii{co)^M{co)ii{co), ii{co) e Co{R). 

Lemma B.5. (;) Let M{t) G (M). Then the operator M extends to a linear continuous operator in the space of 
quasimeasures: 

(ii) Let ll£{(0) M(t(j) and Mi;{t) — > M{t) as e ^ 0+. Then 

Me{(0)lJ.e{(0)^M{(0)n{(0), £^0 + . (B.3) 

Proof. First we define M{(o)lJ.{co) :~ ^t^(o[{M * ji) {t)]{(o) that agrees with the case jj. e Cq (M). Then (0 follows from 
(ii) with Mg = M and jj.^ G Cj^(R). To prove (//), we need to show that 

We have to check both conditions (;) and (//) of Definition IB . 3 I for the functions 

m ^^coltmcoMco)] = {M*fi){t). 

We have; 

hit)- fit) = {Me * jUf) (f ) - (M * A) (f ) = {{Ms - M) * jle) (f ) + (M * (jUf - A)) (f )• 

The first term in the right-hand side converges to zero uniformly in f e R since Mg — M ^ in while jle e Ci, (R) and 
is bounded uniformly for e G (0, 1 ). Let us analyze the second term, 

[ M[x){jle{t-x)-jl{t^T))dx. (B.5) 

m 

Since M e L', for any 5 > there exists a finite > so that jjTj>ij |M(t)| c/t < 5. On the other hand, for any T > 0, the 
difference /(^(f — t) — /i(f — t) is uniformly small for |f | < T, |t| < and small £. Therefore, the integral \B.5l converges 
to zero uniformly in |f | < T as e ^ 0+. Hence, the convergence (/) of Definition IB. BI follows. 

Finally, the uniform bound (;;) of Definition IB . 3 I for the functions /£(f) is obvious. The convergence ( IB.4l i is proved. 

□ □ 

Bounds for multiplicators 

Let us justify the properties of the multiplicators which we used in Section|4] Recall that we use the notation 

M;,,£(a)):=e''^('"+"^)WC(a)), ;c G M, e>0, 
where C(fi') G C^(R) is a fixed cutoff function, and also the notation 

N,{(0) (/fc(co)sgnjc)^e'^WW(-/a)f C(«), R, 
where j, k are fixed nonnegative integers. 
Lemma B.6. For any fixed x G R we have: 
(0 M^,E (f ) e L' (M) for any e > 0. 
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(Hi) Nx £ (K), and for any R > there exists Cjk.R > so that 



sup ||A(v|Il1(R) <C^-,A:,K- 
\x\<R 



(B.6) 



Proof. For any fixed ;c € M, the Puiseux expansion holds: 

^ikia.+ie) |.v| ^ 1 + ^ £ C± (x) (« + T my/^ , 



(O + ie^ ±m, e > 0. 



(B.7) 



± ;=l 



Therefore, the function M^xi^) is smooth and decays at least like |f l^^^^ when t oo. This finishes the proof of the first 
statement of the lemma. 

The second statement of the lemma follows from iB.H . 

The last statement of the lemma follows by the same arguments from the Puiseux expansion for Nx{(0) similar to 
expansion ( IB.7> with e = 0. □ □ 



C Appendix: Global well-posedness 

Here we prove Theorem 12. 3 1 We first need to adjust the nonlinearity F so that it becomes bounded, together with its 
derivatives. Define 



^('yo)-A 
m-B ' 



(C.l) 



where S (f is the initial data from Theorem l2.3l and A, B are constants from (I2.11> . Then we may pick a modified 
potential function U G C2(C,R), U{\lf) ^ so that 



U{yif) = Uiw) for|v/|<A(^o), V^eC, 
t/(v^) satisfies ( 12.1 11 1 with the same constants A, B asU (y/) does: 

U{w)>A-B\\j/\^, forv/eC, where A G K and < B < m, 
and so that \U{\j/)\, \U'{\j/)\, and \U"{\l/)\ are bounded for 1/ > 0. We define 

where V denotes the gradient with respect to Re xj/, Im Xj/; Then F(e"i//) = e"T( i//) for any i// G C, i £ 
We consider the Cauchy problem of type ( 12. Il l with the modified nonlinearity. 



\if{x,t) = xi/^' {x,t) - m^\l/{x,t) + 8{x)F{\l/{Q,t)), 



xeR, re. 



which we rewrite in the vector form in terms of 'i' = 



1 

- ot2 



V/(x,f) 
7r(x,r) 





similarly to (I2.2t : 



Ttoix) 



This is a Hamiltonian system, with the Hamilton functional 

^(vp)= / {\K\^ + \Vxi/\^ + m^\\i/\^)dx + U{\t/{0,t)), ^> : 



n{x) 



(C.2) 



(C.3) 



(C.4) 



(C.5) 



(C.6) 



(C.7) 
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which is Frechet differentiable in the space ro =H^ x L^. By the Sobolev embedding theorem, L°°(]R) C 
is the following inequality; 

|2 ^ 1 ni„/l|2 , ™2||,„||2 X ^ 1 |HT,|i2 



\\w\\i^<^{mi2+m'Mh)<^\\ni 



2m 



Thus, JC.3> leads to 



B 



Uixifm>A~B\\w\\l^>A~—\\n 



Taking into account iC.H . we obtain the inequality 



I'VWl ^ 2^(1') - 2?7(v/(0)) < 2^('P) - 2A - 



which implies 



2m 
m — B 



-A 



^> eS. 



Lemma C.l. (/) There is the identity Jf{^o) = J^{^o). 



(ii) If^ 



Wix) 

7Z{x) 



G <f satisfies M'i'V) < J^C^q), then U{w{0)) = f/(r(0)). 



Proof. (/) According to dC.lH . the Sobolev embedding (IC.8> . and the choice of A(^o) in iC.l\ . 



\Wo\\h< 



^ll^o|||< 



A(^o) 



2m m — B 

Thus, according to the choice of U (equality JC.2» . t/(v/o(0)) = U{\(fQ{0)), proving (;)• 
(//) By (ED, dcTTl . the condition J^{^') < J^{^o), and part (/) of the Lemma, we have: 



1 



iv/iii^<:^ii^ir^< 

2m m — B 



Hence, (ii) follows by ( IC.2> . 



□ 



m — B 



m — B 



and there 
(C.8) 

(C.9) 

(C.IO) 
(C.ll) 



(C.12) 



□ 



Remark C.2. We will show that if l'(f) solves ( Ot . then (>P(f)) = ^CPo), and therefore f/(v/(0,f)) = U{\(f{0,t)) 
by Lemma lcn (n). Hence, F(i/(0,f)) = F(v/(0,f)) for all f > 0, allowing us to conclude that ^{t) solves i2.2\ as well as 



Local well-posedness 

The solution to the Cauchy problem 



1 

d^-m^ 



S(x,0) = SoW = 



<?o(x) 
'7o(-«) 



(C.l 3) 



Z{x,t)^Woit)Eo 



dy, 



(C.14) 



is represented by 

G{x-y,t) G{x-y,t) 1 T ^oIj) 
G(x-3;,f) G(x-3;,f) J |_ 770(3') 

where G{x,t) is the forward fundamental solution to the Klein-Gordon equation, G{x,t) — 6{t— \x\)jQ{mV t^ —x^) /2, 
with Jq being the Bessel function (see e.g. ||Kom94J). Then the solution to the Cauchy problem \C.6\ can be represented 
by 



1'(x,r)=Wo(f)^o + Z[v/(0,-)](0, 

where Z[v/(0, •)] (0 f'wo{t-s) 
Jo 



ds. 



(C.15) 
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Lemma C.3. For any nonnegative integers j and k there is a constant Cj^k > such that 



\dJd,%{mVt^-x^)\ < C,,,(l +t) 



X <t. 



(C.16) 



Proof. The proof immediately follows from the observation that all the derivatives of the Bessel function Jo{z) are 
bounded for z G M, and that Jo{z) is an absolutely converging Taylor series in even powers of z- Hence, all derivatives of 
the function yo(\/'') in r are bounded for r > 0. □ □ 



The next lemma establishes the contraction principle for the integral equation dC.lSt 



Lemma C.4. There exists a constant C > so that for any two functions ^'i({-,t) ~ 
we have: 

||Z[VAi(0,-)](f)-Z[r2(0,-)](0IU<Cf'/2 sup ||^i(.,5)-^2(-,^ 



Wk{-,t) 



GC([0,l],^),fc=l,2, 



se[o,t] 



forO<t<l. 

Proof According to ( IC.14> and ( IC.15> , 



z[v/,(o,-)](f)-z[r2(o,-)](f) 



I{x,t) 
d,I{x,t) 



where 



J{x,t):= j'^G{x,t~s) (F{xifi{0,s))~F{xif2{0,s)) 



ds. 



First we prove the L? estimate for/(ji:,f). By the Sobolev embedding theorem. 



P(-,0I1l2 < c 



9it~s~\x\)\F{xi/iiO,s))^Fixif2iO,s))\ds 



< Csup|VF(z) 

zeC 



d{t-s~ \x\)ds 



sup ||v/l(-,i)-l/2(-, 5)11^1 
L2 iG[0,f] 



< C'f3/2 sup |lvAi(-,^)-V'2(-,^)ll//. 

iG[0,r] 



(C.17) 



where we took into account that | VF(z) | is bounded due to the choice of U . 

Similarly, we derive the estimate for the derivative dxl{x,t). We first analyze 



1 



dxG{x,t-s) = ^0{t-s - \x\)dJo{my {t - s)^ -x^) - ^sgnx 8{t - s - \x\' 



1 



By Lemma lCSl for |x| < \t — s\ < l,we have |(9,Jo(m-\/ (f — s)^ — x^) | < C; We conclude that ||(9^/(-,f)||^2 is bounded by 

d{t-s~ \x\y 



ceit-s-\x\ 



ds 


sup 




l2 se[0,t] 



F(vAi(0,^))-F(v/2(0,.)) 



<C|l0(f~|x|)||^2 sup \\Wii-,^)-¥2{-,^)\\H^ 

sG[0,r] 

<C'f'/2 sup ||v/i(-,^)-V^2(-,i)||//i. 

se[o.t] 



□ 



(C.18) 
□ 



The L^-norm of d,I{x,t) is estimated similarly. 

For £■ > 0, let us denote Se = {"Po e ^: ^C^o) < E]. 

Corollary C.5. (/) For any E > there exists X ~ 'C(£') > such that for any I'o € <Sk there is a unique solution 
^{x,t) G C( [0, t] , (f) to the Cauchy problem iC.6\ with the initial condition l'(O) = ^o- 

(ii) The map W{t) : ^'o t-^ ^{t), t G [0, t] are continuous maps from <§e to S. 



Alexander Komech, Andrew Komech: Global attractor for nonlinear oscillator coupled to Klein-Gordon field 



25 



Smoothness of the solution 

In this section, we will study the smoothness of the solution 

constructed in Corollary IC. 51 (/) assuming that \i/o{x),no{x) e C^(M). According to the integral representation (IC.15> . 
\f/(x,t), t e [0, t], can be represented as 



\lf{x,t) = j {G{x-y,t)\ifQ{y) + G{x-y,t)nQ{y))dy + j G{x,t ~ s)F{\if{0,s))ds. 



(C.19) 



First, let us prove the smoothness of the function i//(0,f). 
Lemma C.6. v/(0,f) e C~([0,t]). 



t 



Proof. The integral representation ( IC.19> implies that, for t £ [0, t], 

V/(0,f) = J {Giy,t)wQ{y) +Giyj)noiy))dy+^ J Joim{t - s))Fixi/(0,s))ds. (C.20) 

R 

The first integral is a smooth function. Further, from ||'/(-,f)ll//' <C <°°,t <E [0,t], we conclude that | v/(0,r)| is bounded. 
Hence, (IC.20> implies that v/(0, •) e C([0, t]), and then by induction that \jf{0, •) e C~([0, t]) since the Bessel function is 
smooth. □ □ 

Now, from ( IC.19I I, we conclude that Y{x,t) is smooth away from the singularities of G{x,t). 

Proposition C.7. The solution Y{x,t) is piecewise smooth inside each of the four regions of [0, t] x M cut off by the lines 
X = and X ~ ±t. 

Proof. The first integral in the right-hand side of ( IC.19> is infinitely smooth in x and t for all x e M, f > 0. Now let us 
consider the second integral in the right-hand side of ( IC.19> , which could be written as follows; 

^^'^'-"'^ j^'''"''./o(my^(f-.)2-x2)F(vA(0,.))^5. (C.21) 

Here the function F{\ir{Q,s)) is smooth in s e [0,t] by Lemma [€.61 By Lemma [€.31 all the partial derivatives of 
J(j{m^J (f — s)'^ —x'^) in x and t are continuous and uniformly bounded for \x\ <t — s, t < z. Therefore, ( l€.21> is smooth, 
with all the derivatives uniformly bounded, in each of the regions < x < f , — f < x < 0. In the regions \x\ > t, ( l€.21> is 
identically equal to zero. □ □ 



Lemma C.8. For <t <x. 



lim VA(x,r) = lim yf(x,t). (€.22) 



Proof. We have to analyze only the contribution from the second term in the right-hand side of ( l€.19> . that is, 

t t 
dt j G{x,t ~ s)F{\i/{0,s))ds ^ G{x,0+)F{\i/{0,t)) + J G{x,t - s)F{\i/{0,s))ds. 



The first term in the right-hand side is equal to zero for x ^ 0. The second term is continuous since the Green function 
G(x,f — i) is smooth at X = for f — 0. □ □ 

Lemma C.9. For < f < t, 

(/) )/(x,r) + \jf'{x,t) is continuous across the characteristic x = f. 
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(ii) \j/(x,t) — \j/(x,t) is continuous across the characteristic x = —t. 

Proof. The proofs for both statements of the Lemma are identical; we will only prove the first statement with jc > 0. We 
have to study only the contribution from the second term in the right-hand side of ( IC.19> , i.e. 

t t 
(<3r + <3x) J G{x,t-s)F{\jf(0,s))ds^ J (d, + d,^)G{x,t - s)F{\jf{0,s))ds. (C.23) 



Here we took into account that, as above, G{x,0+)F{\]/{0,t)) ~ for x 7^ 0. Next key observation is that, for x > 0, the 
derivative (9, + dx applied to G(x,r), does not produce a delta-function: 

id, + 5,)G(x, f ) = ^ { (f - x) (a, + 5,yo('«v/f2-x2) } . 

Hence, the integral ( IC.23t is continuous in x and t across the line jc = f, 0<f<T by Lemma lCSl □ □ 

Energy conservation and global well-posedness 

Lemma C.IO. For the solution to the Cauchy problem \C.6\ with the initial data 'Pq G S", the energy is conserved: 
^(>I'(r)) = const, t e [0,t]. 

Proof. We follow IKom95l . First, we prove that the energy is conserved for the smooth initial data with compact support: 



— 



Wo 



with i/o, TTo e Consider the norm ( I2.9> . 



I^WIII 



(C.24) 



We split this integral into four pieces: The integration over (— 00,— f), (— f,0), (0,f), and (f,°o). By Proposition |C7l on 
the support of each of these integrals ^/(x, f ) for t G [0, t] is a smooth function of x and t. Then, differentiating, we may 
express (9,||1'(f)|||. as 



dt\m)\\),-- 



"2 ' m2|v/|2 



x=-t-0 



(C.25) 



J\2 



x=t+Q 



x=t-Q 



2 [\j/\ff+y/'\j/' + m'^y/\j/]dx, fe[0,T]. 



The terms m^j y/j^ could be discarded due to continuity of \j/ across the characteristics x = ±t. Integrating by parts the 
terms nf'xif' and using the cancellations of the integrals due to equation iC.5\ away from x = 0, we get: 



\w\ 



2 + |V/'P+2v/> 

x=-r+0 



.T=-(+0 
.T=-(-0 



x=t+0 




-2 

x=t-Q 





x=Q^ 

x=0- 



x=-r-0 



J\2 



iw+w) 



x=t+0 



=t-0 



x=04 
.r=0- 



(C.26) 



According to Lemma lC9l the first two terms in (IC.26> do not give any contribution. Let us compute the contribution of 
the last term. According to Lemma lCSl i/(0±,r) ~ wiO,t) for t G [0, t], therefore 



[^K=o- = WO'O = -F{xif{0,t))yf{0,t) = fu{Y{0,t)) 



In the second equality, we computed the jump of y/' using equation iC.5i and the piecewise smoothness of the solution. 
We conclude that 

|{^ll^(OIII + f/(r(o,0)} = o, 
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and hence the value of the functional defined in iC.l\ is conserved. 

Since we proved the energy conservation for the initial data that constitute a dense set in S" and since the dynamical 
group is continuous in S' by Corollarv lC.SK //). we conclude that the energy is conserved for arbitrary initial data from 

□ □ 

Corollary C.ll. (/) The solution ^ to the Cauchy problem \C.6l with the initial data ^\,^q = ^Po G ^ exists globally: 
1'GCi(R,«?). 

{ii) The energy is conserved: J^{^{t)) — -j^i^o), f > 0. 

Proof. Corollary 1^21(0 yields a solution ^ e i°°([0, l\,<S) with a positive T = t(£'). However, the value of ('P(f )) is 
conserved for r < T by Lemma lC.lOl Corollarv lC.SK /) allows us to extend ^ to the interval [t,2t], and eventually to all 
f > 0. In the same way we extend the solution ^(f) for all f < 0. □ □ 



Conclusion of the proof of Theorem 12.31 

The trajectory ^ = e C,, (M, S) is a solution to (Ot . for which CoroUarv lCTTI r//) together with Lemma|CT](0 

imply the energy conservation \2.\2\ . By Lemma lcTI f//). U (y/(0,f )) = U{\j/{0,t)), for all f € ^ 
is a solution to ( 12. U . Finally, the a priori bound ( I2.13> follows from dC.lH 
finishes the proof of Theorem l2.3l 
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This tells us that \j/{x,t) 
and the conservation of J(f{^{t)). This 
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